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1 Introduction. 

If A is a A-ring then for each prime number p one has a map 6^ : A A such 
that 

• The map if)^ : A ^ A defined by ip^la) = — p9^{a) is a ring homomor- 
phism. 

• The following formulas hold for all a, 6 £ A: 

6IP(1) =0 

p-i 



eP{ab) = 9P{a)ipP{b)+aPeP{b) 
eP^pP{a) = ijjPeP{a) 

Moreover the maps -0^ and 6^ commute also for r ^ p. Conversely if a commu- 
tative ring A is equipped with maps ipP and Qp satisfying the above identities 
then A has a unique structure of A-ring such that the ipP are the associated 
Adams operations. We refer to [T] for generalities about A-rings. 

In [2 it is shown that a torsion element in a A-ring is nilpotent. The purpose 
of this note is to give a sharp estimate of the nilpotence degree. 

Let us call a ring A equipped with one operation Qp satisfying the above 
conditions a 0^'-ring. We will prove that if A is a fl^'-ring and a & A satisfies 
p'^a = then +^ = 0. In order to show that this estimate is sharp we 
exhibit a A-ring A and an element a ^ A such that p'^a = but aP^+P" -1 ^ 0. 

If a is an element of a A-ring A and na = for some n G Z then by the 
above theorem we have 

{np-'')P''+P''~\P'+P''~' = 

where p"^ is the highest power oip dividing n. Since the greatest common divisor 
of the numbers {np~'^)P ^p is 1 it follows that 

= 0, where E ~ max{p^ + p'^^^ ; p^ divides n} 
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2 The nilpotency estimate. 

In this section A is a A- ring at p, and a £ A satisfies p'^a — for some e > 0. 
We will write tpP for the e-fold iterate of tp^. 

Proposition 1. For any 6 e A one has 9'P{ph) — pP~^¥' — ipP{b). 

Proof. By definition of A-ring at p one has 9P{pb) — 9'P{p)¥' + ipP {p)dP (b) . Now 
substitute = p, QPip) = pP-i - 1 and peP{b) = bP - TpP{b). □ 

Proposition 2. For < k < e one has p'-^i^P (a) = 0. 

Proof. By induction on k. For fc = the conclusion p'^a = is given. Now 
assume the statement is true for k ~ m. Then by the last proposition one has 

= 6IP(0) = ePip-p^-^-^^/^ia)) 
= pP-\p''-"'-^^pP"\a))P - 'ipPip''-"'-^^pP"\a)) 
= -^pP{p'-'-"'-^^pP"' (a)) ^ p''-"'-^^l;P"'^\a) 
since (p — 1) + p{e — rri — 1) > e — m for m < e. □ 
Proposition 3. For < k < e — 1 one has aP ~^p = ipP {qP '^p 
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Proof. By induction on k. For fc = both sides are identical. Assume that the 
statement is true for k — m < e ^ 1. Then one has 

aP^+P°'' = {^P"^{a)P)P° 

= i^P^pP"' (a) + pQP^jP"^ {a))P'''"^'^^P+^^ 

= ^ (^^ ™ ^ (pOP^^P"' (a)) V^""^' ia)P^ 

If < i < + 1) then the number of factors p in the corresponding 

term is 

> i + (e + m - 2) - (i - 1) = e + TO - 1 

and it also contains a factor -0^ ^ (a). Hence by Proposition [2] it vanishes. 

If i = p^~™~^{p + 1) then the term is a multiple of p^^^~™'6PipP (a), since 
p'{p+l) > j + 3 for all j > 0. But this expression equals 

p^-^^p"'(a)P - V'P(p'=-'"V^"(a)) = 0-0 = 
by Proposition [21 

Thus only the term with i = remains, which proves the statement for 
fc = m + 1. □ 
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Theorem 1. qP'+p' ' = 0. 

Proof. By the last Proposition we have 

aP'+P^'' = i^P^'\aP+^) = ipP"\a)tpP"\a)P 
= ^P'~' {a)['ipPipP^'' [a) + pOP^pP"'' (a)) 
= ijP"' ia)i^P^ (a) + p^pP^'' ia)eP'ipP"' (a) 

which vanishes since tpP' {a) = and p^pP'' ^ (a) — by Proposition [5J □ 

3 The example ring. 

We write K for the locahzation Z(p) of the ring of ordinary integers at p, in 
which every prime r ^ p is invertible. It caries a unique structure of A-ring such 
that aU Adams operations ip"^ coincide with the identity map. 

We write R for the polynomial ring K[x,y], and 0: i? — > i? for the homo- 
morphism given by (f>{x) — xP — py, (t>{y) — yP . 

Proposition 4. For every f ^ R one has 0(/) = fP mod pR. 

Proof. The statement is obviously true ii f K or f — x or f = y. Moreover 
if it is true for / and g then it is also true for / + g and fg. □ 

The Proposition tells us that we can define a Qp -structure on R by putting 
4'^ if) — 4>{f) and OP{f) — p^^ifP — 4>{f)). One can extend this to a structure 
of A-ring by declaring 'ip^{x) = and ip^iy) = for primes r different from p. 

Definition 1. _F!„ e Z[s,i] is defined recursively by: 

Fo{s,t) = S, Fn{s,t) ^ Fn-l{s,t)P -pFn-l{t,0) 

Lemma 1. One has 

Fn{s,t) = F„-iisP - pt,tP) 

Proof. By induction. For n — 1 both sides read sP —pt. If the statement is true 
for n then F„+i(s,i) = Fn{s,t)P - pFnit,0) = Fr,-i{sP - pt,tP) - pFn-i{tP ,0) = 
Fn{sP-pt,tP). □ 

The point of this definition is that 

rFn{x,y)=F^{r{x),V{y))^F,,{xP-py,yP)^F,,+,{x,y) 

Definition 2. The ideal J of i? is the one generated by the p'^^'^Fn{x,y) for 
< n < e and by yP . 

Proposition 5. The ideal J is stable under 0p . 
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Proof. From the formulas for 9^ of a sum and 9^ of a product it follows that is 
sufficient to check that the generators of J are mapped to J. For n < e we have 

= pi-")p-^Fr,{x, y) - p«-"-ii^„+i(x, y) 

where the second term is obviously in J and the first term is in J since (e — 

Ti)p — 1 > e — n. Furthermore 

0P{F,{x,y))=p-' {F,{x,yY - F,ixP-py,yn) 
= p-\F,{x,yf -F,+^{x,y))) 
= p-\pF,{y,0))=f,{y,0) = yP° 

and finally eP{yP") = since tpP{y) = yP. □ 

The Proposition tells us that the quotient ring A = R/J inherits a structure 
of ^^'-ring, and in fact a structure of A-ring. We will show now that the class a 
of X in R/J satisfies a^'+P"""-! ^ 0. 

The main ingredient for proving this is the following elementary Proposition: 

Proposition 6. Let k be a commutative ring. Let p: k[^,r]] — >■ k[x,y] be the 
homomorphism given by p{^) = x^ , p{ri) = yP . Let M be an ideal o/fc[^,?7] with 
generators gj, and let N be the ideal of k[x,y] generated bu the p{gj)- Then 
k[x,y]/N is a free module over k[^,r]]/M via p with basis the classes of the 
^.feym j^gj. < fc, m < p. 

In particular if the class of ^" is nonzero in k[^,ri]/M then the class of 

^pn+p-i nonzero in k[x,y]/N. 

Proof. If 6 G k[x,y]/N then it is the class [/] of a certain / S k[x,y]. Now 
/ e k[x,y] can be written uniquely as J2o<k,m<p^''y"' P(fkm) for certain fkm S 
and therefore b = J2k,m[^''y'"][Pifkm)]- 
On the other hand if ^ [x''y™] [p{fkm)] = then there must be hj G k[x, y] 
such that J2k m ^^y"^P{fkm) = Yli ^jPidj)- Moreover each hj can be written as 
T,k,m^''y"'pi^ji'm)- Therefore 

k,m k,m j 

By uniqueness this implies fkm = gjhjkm- This means that [fkm] =0. □ 

In order to apply this in an induction to prove the main theorem we need 

another property of the Fn : 

Lemma 2. If n > then Fn{s,t) = Fn-i{sP,tP) mod p". 
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Proof. If ri = 1 this reads ~ pt — mod p. If the statement is true for n 
then 

= (F„_i(sP,0 mod p"r-p{FnMtP,0) modp") 
= F„_i(sP,if)f -pF„_i(tf,0) mod 
= Fn{sP,tP) 

Here we used the fact that u = v mod p" imphes — mod p"+^. □ 

In order to show that is nonzero in A = K[x, y]/J we prove that 

is even nonzero in A/p'^^^ (which is of course not a S^-ring): 

Theorem 2. The class of +p is nonzero in 'L/p'^^^[x,y\ modulo the 

ideal generated by the p'^~" Fn{x, y) for < n < e and by yP 

Proof. We use induction in e. For e = 1 the statement says that xP ^ in 
Z/p'^[x,y]/{px,xP —py,yP). This is obvious by inspection. 

If the statement is true for certain e then by Proposition [S] the class of 
xPip^+p" -i)+p-i — rj^p' +p^~i jg nonzero in Z/p^+^[a::, j/] modulo the ideal 

generated by the p^~^ Fn{xP , yP) for < n < e and by yP"^^ . By Lemma[2]this 
ideal coincides with the ideal generated by the p'^^^^Fn+i{x,y) for < n < e 
and by yP 

A fortiori the class of xP ~^p ~^ is nonzero in Z/p'^^'^[x, y] modulo the ideal 
generated by the same polynomials and p'^'^^Fo{x, y). But this is just the state- 
ment for e + 1. □ 
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